USTC-ICTS-04-10 
gr-qc/0405029 

New Formulation of the First Law of Black Hole Thermodynamics: A Stringy Analogy 

Shuang-Qing Wu* 1 ' 2 

1 Department of Physics, Central China Normal University, Wuhan, Hubei 430079, People's Republic of China 
2 Interdisciplinary Center for Theoretical Study, University of Science and Technology of China, 
Hefei, Anhui 230026, People's Republic of China 

(Dated: 6 May 2004; Revised 26 July 2004) 

We consider the first laws of thermodynamics for a pair of systems made up of the two horizons of 
a Kerr-Newman black hole. These two systems are constructed in such a way that we only demand 
their "horizon areas" to be the sum and difference of that of the outer and inner horizons of their 
prototype. Remarkably, these two copies bear a striking resemblance to the right- and left-movers in 
string theory and D-brane physics. Our reformulation of the first law of black hole thermodynamics 
can be thought of as an analogy of thermodynamics of effective string or D-brane models. 
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It is well-known that black hole thermodynamics was 
established in the late 1960s and 1970s through a close 
analogy between the ordinary laws of thermodynamics 
and certain laws of black hole mechanics |lj . In particu- 
lar, the first law of black hole thermodynamics is formu- 
lated as a relationship between the first order variation 
of the horizon area and those of global charges 0] such as 
the mass, angular momentum, and electric charge. This 
law makes it possible to assign an entropy to the horizon 
area and a temperature to the surface gravity. 

Black hole statistical mechanics requires to provide a 
reasonable microscopic description to the macroscopic 
thermodynamics. The microscopic statistical derivation 
of black hole entropy plays a crucial role in our un- 
derstanding the puzzle of its origin problem Jl ||. In 
the context of dual conformal field theory 5j, Carlip 
argued that black hole thermodynamics and the sta- 
tistical origin of entropy are controlled universally by 
the near-horizon conformal symmetry. This symmetry 
should play an important role in explaining the black 
hole phenomena. Many evidences from studies of dy- 
namic processes such as Hawking radiation , greybody 
factors , and more recently quasinormal modes as well 
as non-quasinormal modes Q strongly suggest that Car- 
lip's method may take effect on the subject. 

Recent developments in string theory (especially D- 
brane physics) have provided another fruitful framework 
to consider quantum properties of black holes. The D- 
brane technology Q counts the microstates for the en- 
tropy by representing black holes as bound states of 
D-branes that carry the same energy and charges as 
the black hole. It is also possible to apply the black 
hole/string correspondence principle 10] to understand 
the microscopic origin of black hole entropy. In the spirt 
of this principle, black holes can be modelled by effective 
or fundamental strings |ll| or be described microscopi- 
cally as quantum states in string theory. In this way, the 
black hole entropy is attributed to the sum of contribu- 
tions from right- and left-moving excitations of the string 



states. 

A characteristic feature of effective strings or D-branes 
is that their spectrum divides into two distinct sectors 
associated with the right (R) and left (L) moving exci- 
tations, respectively. The entropy of a system consisting 
of these two weakly-coupled R- and L-moving modes is 
the sum of two contributions: S = Sr + Sl- The tem- 
perature of this combined system is the harmonic mean 
of that of its parts: 

— - — — 

T H ~T R + T L ' U 

and it is usually identified with the Hawking temperature 
of a black hole. 

The temperature formula Q appears frequently in the 
studies of black hole dynamic phenomena such as ab- 
sorption cross section, emission rates, decay rates, grey- 
body factors ||, and moreover quasinormal and non- 
quasinormal modes It is our curiosity to understand 
why its appearance is so universal in all the cases. In 
what follows, we present a thermodynamic framework to 
appreciate it. To do so, we take a new look at the classical 
thermodynamics of a Kerr-Newman (KN) black hole [l2| 
and wish to seek some clues on relating it with string the- 
ory, especially with the effective string/D-brane picture 
of black holes in a pure thermodynamic side. Specifically, 
we consider the first law thermodynamics of a pair of sys- 
tems constructed from the two horizons of a KN black 
hole. It is interesting to observe that these two systems 
bear a striking resemblance to the right- and left-movers 
in string theory and D-brane physics. We point out that 
there exists a close relationship between the thermody- 
namics of these systems and that of effective string or D- 
brane models. A remarkable advantage of our discussion 
presented here is that it relies on the validity in that the 
laws of black hole mechanics does not depend upon the 
details of the underlying dynamical theory, even without 
knowledge of fundamental string theory. 

To begin with, recall that the usual thermodynamics of 
a four-dimensional charged rotating (KN) black hole with 
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three classical parameters: the mass M, charge Q, and 
angular momentum J = Ma. For our discussion here, we 
only focus on the first law of black hole thermodynamics 
in this most general case. It is essentially formulated 
as the Bekenstein-Smarr (B-S) differential mass formula 
0: 



dM = \k dA 



ndJ + <i> dQ, 



where k, f2, and $ denote, respectively, the surface grav- 
ity, angular velocity, and electrostatic potential of the 
event horizon of a KN black hole. (Here and hereafter, 
units are adopted where G = c = h = kg = 1, and it is 
more economical to use the notation of a "reduced" hori- 
zon area A — A/ (Air) rather than the horizon area A, so 
that the Bekenstein-Hawking entropy is S = A/ A = irA.) 

The KN black hole has two horizons: the inner hori- 
zon (Cauchy horizon) r_ = M — e and the outer horizon 
(event horizon) r + = M + e, where e = \J M 2 — Q 2 — a 2 . 
In particular, the thermodynamics associated with the 
outer event horizon of the black hole is related to the 
fundamental process of Hawking radiation. Similarly, one 
can prove that the thermodynamics of the inner Cauchy 
horizon is associated with another quantum process of 
Hawking "absorption" [Til . Namely, for an observer 
rest at the infinity he observes a net flux of Hawking ra- 
diation outgoing from the event horizon to the infinity, 
while for an imaginary observer inhabiting in the intrin- 
sic singular region (inside the Cauchy horizon), he will 
observe a flux of Hawking "absorption" ingoing from the 
intrinsic singular region to the inner horizon also. Be- 
cause a KN black hole is stationary, its outer horizon is 
in thermal equilibrium with the thermal radiation out- 
side the black hole. We think that its inner horizon is 
certainly in thermal equilibrium with the thermal radia- 
tion in the intrinsic singular region |l4j |. 

As is well-known, the outer horizon of a KN black hole 
is treated as a single thermodynamical system, and the 
conventional four laws of thermodynamics are just stated 
for this system. Similarly, if one treats the inner horizon 
as an independent thermodynamical system, one can es- 
tablish another four laws of thermodynamics for the in- 
ner horizon also 0]. The well-known B-S integral and 
differential mass formulae for the first laws of thermo- 
dynamics corresponding to the inner and outer horizons 
of a general, non-extremal KN black hole are given by 

EHEHElI 



M 



K±A± + 2ft±J + $±( 



dM = -K±dA±+n±dJ + <P±dQ, (3) 



where the "reduced" horizon area A± = r± + a 2 = 
2Mr± — Q 2 , while the surface gravity k±, angular ve- 
locity 0-t, and electric potential <I>± at the two horizons 



are 



m 



K± 



r± - M 



±e 



Oh 



At ' 



Qr± 

A± ' 



(4) 



respectively. In general, the B-S mass formulae can be de- 
rived from Christodoulou mass-squared formula 0] for 
the reversible and irreversible processes by using ther- 
modynamical relations. Specifically to a general, nonex- 
tremal KN black hole, the Christodoulou formula [T^ 
reads 



Af2 = A++A- = A± , 4 J 2 + Q 4 



4A± 



(5) 



From the identity J5J , one can derive the expressions for 
the three thermodynamical quantities in Eq. Q by the 
following thermodynamical relations 



K± 



dM 



dA± 



J,( 



dM 



Q,A± 



dM 
~d~Q 



J,A± 



(6) 

As a KN black hole is a system of two horizons, one 
should consider both of them for the sake of complete- 
ness. Considerable research 0,0,0,0] has confirmed 
this point. For instance, the importance of the inner 
horizon is also emphasized in the viewpoint of string the- 
ory ^lj- J us t as did in Ref. ^4ji we ma y think a KN 
black hole can be regarded as a composite thermodynam- 
ical system composed of two independent subsystems, 
its outer and inner horizons [lij ]. For each subsystem, 
the entropy of each horizon is proportional to its horizon 
area, and the temperature is proportional to its surface 
gravity, namely, S± = irA±, and T± = k±/(2tt). 

Now we present our main idea. Using the original in- 
ner and outer horizons as blocks, we can construct two 
new thermodynamical systems called respectively as the 
R-system and L-system by demanding their "reduced" 
areas to be the sum and difference of that of the outer 
and inner horizons of a KN black hole 



A R = A+ + A- = 4A/ 2 - 2Q 2 , 
A L = A+-A-= 4Me. 



(7) 



This idea is indeed supported by researches done in Ref. 

from the viewpoint of string theory, however it is re- 
verse to the observation of Cvetic and Larsen [11] who 
find that the left- and right-moving thermodynamics of 
the string theory correspond to the sum and the differ- 
ence of the outer and the inner horizon thermodynamics. 

The purpose of this Letter is to see whether or not we 
can understand the first law of thermodynamics of the 
original KN black hole through exploring the thermody- 
namic features of these two new systems. In one way 
we identify each system with a black hole. As the orig- 
inal motherboard carries three classical hairs (M,Q,J), 
by the definition of our systems, it is immediately recog- 
nized that the R-system carries only two hairs (M, Q) , 
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and the L-system carries three hairs (M, Q, J). So they 
are two distinct copies describing two different kinds of 
black holes. In particular, there exists an asymmetry of 
angular momentum between the R- and L-systems as we 
will see below. The disappearance of angular momen- 
tum in the R-system and its presence in the L-system 
imply that the black hole degrees of freedom relevant for 
near-BPS excitations can be described by a (0, 4) chiral 
superconformal field theory with an SU(2) current alge- 
bra associated to rotations li- 
lt is now a position to reveal the thermodynamic prop- 
erties of our new systems. To investigate their thermo- 
dynamic features in detail, let us focus firstly on the R- 
system. For this system, the Christodoulou-type mass- 
squared formula is simply written as 



and the first law is formulated as follows 



M = 



An 

A 



(8) 



From this relation, it is easily to deduce the integral and 
differential B-S mass formula as follows: 



M 
dM 



A R 
AM 
dA R 



8M 2M 



Q 2 

2M = KrAr 

—r-r = —KRCLA.R 



$ R dQ , (9) 



where the surface gravity kr = 1/(4M), and electric po- 
tential Qr = Q/(2M) can also be obtained by the fol- 
lowing thermodynamical definitions 



*R = 



dM 




1 
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dA R 
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AM ~ 


A~ L 


dM 
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2Qe 


~d~Q 
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2M 


A L 



^7 = ^- (10) 



The R-system can be viewed as describing a nonrotat- 
ing charged black hole with mass M and charge Q, while 
its entropy and temperature being given by 



Sr 



ttAr = n(A+ + A- 
2n(2M 2 - Q 2 ) , 
kr 
2tt 



S+ + S- 



1 



8ttM 



(11) 



It is not difficult to recognize that this system is thermo- 
dynamically equivalent to the GHS dilatonic black hole 
|l8j with the dilaton parameter <fio — 0, whose horizon is 
at r/j = 2M, its surface gravity is Kh — 1/(4M), and "re- 
duced" horizon area is just Ah = rh(rh — Q 2 /M) = Ar. 

Now we turn to the L-system. The above derivation 
is also applicable to this case, but with a little involved 
algebras. The corresponding Christodoulou-type formula 
is given by 



M2= Q 2 + VQ A + 4J 2 + A!i/4 



(12) 



M 



K L A L + 2tt L J + <P L Q . 



dM = -K L dA L + fl L dJ + <P L dQ , (13) 

where the surface gravity kl, angular velocity and 
electric potential <&l for this system are determined by 
the following thermodynamical expressions 



n L = 



*l = 



dM 




e 
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J,Q 
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Ar 



y/M 2 -Q 2 - 

AM 2 - 2Q 2 



QM 
2M 2 - Q 2 



(14) 



To check that the above expressions hold true, an identity 
A+A- = {A 2 R - A 2 L )/A = Q 4 + A J 2 might be used. 

The L-system can represent a rotating charged black 
hole with mass M, charge Q, and angular momentum J, 
its entropy and temperature are given by 



Sr. = 



T L = 



ttAl = k{A + 
An M y/M 2 - 



S. 



Q 2 



2ir 



VM 2 



Air(2M 2 - Q 2 ) 



(15) 



An important feature of the L-system is that it can reflect 
the extremality of a KN black hole when it approaches to 
its extremal limit, namely, the extremal KN black hole. 

It is remarkable to seek the relations between the tem- 
peratures of the two newly-constructed systems and those 
of the two horizons of the original KN black hole. It is 
easy to obtain the following relations 



1 



A 



L,R 



A+ tA- 



hrx 



1 1 
— ± — 



(16) 



which have an exact correspondence in string theory and 
D-brane physics 0. In particular, k + has the same har- 
monic mean relation as Tjj in Eq. JIJ. In addition, we 
find that the angular velocities and electric potentials be- 
tween the new and old systems are related by 
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(17) 



Note that there is an asymmetry of angular momen- 
tum between the R- and L-systems. This fact reflects 
that unlike the 5-dimensional case, the addition of an- 
gular momentum in four dimension always breaks the 
right-moving supersymmetry Without rotation, the 
D-brane description of an extremal Reissner-Nordstrom 
black hole can be modelled by a 1 + 1-dimensional field 
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theory which turns out to be a (4, 4) superconformal 
sigma model. When the angular momentum is included, 
a black hole can be extremal, but supersymmetry is bro- 
ken, leaving us with (0,4) superconformal symmetry ||. 
The N = 4 superconformal algebra gives rise to a left- 
moving SU(2) symmetry of the original (4,4) chiral su- 
perconformal field theory. The (0, 4) chiral supersym- 
metry algebra contains an SU (2) R symmetry, which in 
fact is the same as the SU(2) symmetry of global spa- 
tial rotations, a symmetry of the Hilbert space of black 
hole states. The charge under one U(l) subgroup of this 
SU(2) group will then be related to the four-dimensional 
angular momentum carried by the left movers. The right 
movers, however, cannot carry macroscopic angular mo- 
mentum. 

In the Schwarzschild black hole case, the R-system and 
L-system are indistinguishable, both of them are identical 
to its prototype. In other words, the two systems are 
in thermal equilibrium. It should be stressed that the 
above reformulation of the first law of classical black hole 
thermodynamics are universal for large classes of black 
holes in various dimensions. For a Kerr-Sen black hole 
[l9| arising in the low energy effective heterotic string 
theory, one can obtain similar results with some slight 
modifications. [A± = 2Mr± = 2M( M - b ± e), $± = 
$r L = Q/(2M) = b/Q, where e = y/(M - b) 2 - a 2 in 
place of e.] Similar formulation can be established in the 
case of a three-dimensional BTZ black hole and in 
other dimensions also. 

Next we would like to point out that the above R- and 
L-systems bear a striking resemblance to the right- and 
left-movers in string theory and there exists a close re- 
lationship between the thermodynamics of these systems 
and that of effective strings or D-branes. Our reformu- 
lation of the first law of black hole thermodynamics can 
be viewed as an analogy of thermodynamics of effective 
string or D-brane models. 

To make an analogy with string theory more transpar- 
ent, recall that the thermodynamical object often stud- 
ied in string theory and D-brane physics is an effective 
1 + 1-dimcnsional ideal gas system composed of a pair of 
weakly-coupled oppositely moving states. [In the cases 
of D-branes, the R- and L-moving massless open string 
states on a long brane constitute two noninteracting one- 
dimensional gas of strings.] The effective spatial dimen- 
sion is one in both cases where the combined system of 
effective string is divided into two independent or weak 
coupling R- and L-sectors. Each sector is a collection 
of excitation modes and may be attributed to a gas of 
strings. The entropy of the combined system is inter- 
preted as a sum of two independent microscopic contri- 
butions from R- and L-moving modes, respectively. 

Consider now the thermodynamics of effective strings 
or D-branes. To this end, we assume that the thermal 
equilibrium is maintained in each sector independently, 
so each sector can be endowed with an effective temper- 



ature. Since massless particles in one spatial dimension 
are either R-moving or L-moving, all thermodynamical 
quantities can be split into a R-moving and a L-moving 
piece: E = E R + El, etc. For simplicity, we only con- 
sider the energy and entropy of two sectors and drop 
other thermodynamical quantities (for example, by tak- 
ing a vanishing chemical potential). It follows that the 
first laws for the R- and L-sectors take form 



dE R = T R dS R , dE L = T L dS L ■ 
Taking their sum and difference, we obtain 

dS ± = dS R ± dS L = ^rdE+ + ^dE- 



T- 



(18) 



(19) 



where we introduce E± = E R ± El, S± = S R ± Sl, and 
2 



1 , 1 



(20) 



We further assume each sector carries energy E R = 
El = M/2, then the total energy is E — E + — M, and 
the total momentum is conserved: P = £L = 0. Thus 
Eq. ljl§|) reduces to dE = dE + = T±dS±. By comparing 
it with the formula dM = ^K±dA± + • ■ • in Eq. (JSJ and 
observing that Eq. 1)20(1 is essentially the same one as in 
Eq. 1)16(1 . we establish that 

T ± = f, S ± =.A ± = ^. (21) 

We find that if the effective strings or D-branes carry 
the same energy and charges as the black hole, then their 
right- and left-moving thermodynamics corresponds ex- 
actly to the sum and difference of the outer and inner 
horizons thermodynamics. This hints that the effective 
string or D-brane picture of black hole mechanics may 
be universal in all cases where the correspondence be- 
tween black holes and effective strings/D-branes has been 
demonstrated. Indeed one may identify the constructed 
R- and L-systems with the R- and L-movers in string 
theory. In this way it is natural to appreciate that black 
hole entropy can be explained within string theory and 
D-brane physics by prescribing a microscopic description 
for all black holes. 

In summary, we have proposed a set of new reformula- 
tions of classical black hole thermodynamics, which bears 
a close analogy with "stringy" thermodynamics. The 
newly-made systems resemble to the R- and L-movers 
in string theory and D-brane physics very much. In our 
opinion, this resemblance seems to be of a true nature, 
so it provides a further evidence to support the effective 
string/D-brane picture of black holes in the pure classical 
thermodynamic side. The formalism presented here sug- 
gests a plausible thermodynamic routine to understand 
why the mysterious origin problem of black hole entropy 
could be resolved in the framework of string theory and 
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D-brane physics. In addition, it may setup a bridge to 
synthesize various related issues such as the near-horizon 
conformal symmetry [||, geometric "conformal field the- 
ory" [ill ], quasinormal and nonquasinormal modes Ej,l2ll|. 
and black hole entropy as well as area spectrum |22j , etc. 
There is clearly much more to be understood. 

This project was supported in part by China Post- 
doctoral Science Foundation and K. C. Wong Education 
Foundation, Hong Kong. This work was also supported 
in part by grants from the Chinese Academy of Sciences 
and a grant from the NSF of China under Grant No. 
90303002. 



*Electronic address: sqwu@phy.ccnu.edu.cn 

[1] J. M. Bardeen, B. Carter, and S. W. Hawking, Commun. 
Math. Phys. 31, 161 (1973). 

[2] G. Gibbons, R. Kallosh and B. Kol, Phys. Rev. Lett. 
77, 4992 (1996); B. Kleihaus, J. Kunz, and F. Navarro- 
Lerida, ibid. 90, 171101 (2003). 

[3] W. H. Zurek and K. S. Thorne, Phys. Rev. Lett. 54, 2171 
(1985); V. Frolov and I. Novikov, Phys. Rev. D 48, 4545 
(1993); S. Mukohyama, M. Seriu, and H. Kodama, ibid. 
55, 7666 (1997); S. Liberati, IL Nuovo Cimento B112, 
405 (1997); G. Horowitz, gr-qc/9604051 gr-qc/9704072 
S. Mukohyama, gr-qc/9812079 

[4] A. Strominger and C. Vafa, Phys. Lett. B379, 99 (1996); 
A. W. Peet, Class. Quantum Grav. 15, 3291 (1998). 

[5] O. Aharony et al, Phys. Rep. 323, 183 (2000). 

[6] S. Carlip, Class. Quantum Grav. 16, 3327 (1999); Phys. 
Rev. Lett. 82, 2828 (1999); 88, 241301 (2002). 

[7] S. N. Solodukhin, Phys. Rev. Lett. 92, 061302 (2004). 

[8] G. T. Horowitz, D. A. Lowe, and J. Maldacena, Phys. 
Rev. Lett. 77, 430 (1996); S. S. Gubser and I. R. Kle- 
banov, ibid. 77, 4491 (1996); J. Maldacena and A. Stro- 
minger, Phys. Rev. D 55, 861 (1997); 56, 4975 (1997). 

[9] D. Birmingham, Phys. Rev. D 64, 064024 (2001); D. 



Birmingham, I. Sachs, and S. N. Solodukhin, Phys. Rev. 

Lett. 88, 151301 (2002); D. Birmingham and S. Carlip, 

ibid. 92, 111302 (2004)^ 

[10] L. Susskind, |hep-th/9309145 G. T. Horowitz and J. 

Polchinski, Phys. Rev. D 55, 6189 (1997); F. Larsen, 

ibid. 56, 1005 (1997). 
[11] M. Cvetic and F. Larsen, Nucl. Phys. B506, 107 (1997); 

B531, 239 (1998); Nucl. Phys. B (Proc. Suppl.) 68, 55 

(1998) ; Phys. Rev. D 56, 4994 (1997); 57, 6297 (1998); 
Phys. Rev. Lett. 82, 484 (1999); M. Cvetic and D. Youm, 
Phys. Rev. D 54, 2612 (1996); D. Youm, Nucl. Phys. 
B509, 431 (1998). 

[12] E. T. Newman et al, J. Math. Phys. 6, 918 (1965). 
[13] J. Bekenstein, PhD Dissertation, (Princeton University, 

1972); L. Smarr, Phys. Rev. Lett. 30, 71, 521(E) (1973). 
[14] Z. Zhao, J. Y. Zhu, and W. B. Liu, Chin. Phys. Lett. 

16, 698 (1999); Z. Zhao, Int. J. Theor. Phys. 38, 1539 

(1999) . 

[15] S. Q. Wu and X. Cai, IL Nuovo Cimento B115, 143 

(2000) ; Int. J. Theor. Phys. 39, 2215 (2000). 

[16] A. Curir, IL Nuovo Cimento B51, 262 (1979); A. Curir 
and M. Francaviglia, ibid. B52, 165 (1979); Lett. Nuovo 
Cimento 28, 426 (1980); G. Allemandi, L. Fatibene, and 
M. Francaviglia, Gen. Relativ. Gravit. 33, 1371 (2001). 

[17] D. Christodoulou, Phys. Rev. Lett. 25, 1596 (1970); D. 
Christodoulou and R. Rurhni, Phys. Rev. D 4, 3552 
(1971). 

[18] D. Garfinkle, G. T. Horowitz, and A. Strominger, Phys. 

Rev. D 43, 3140 (1991); 45, 3888(E) (1992). 
[19] A. Sen, Phys. Rev. Lett. 69, 1006 (1992). 
[20] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. 

Lett. 69, 1849 (1992); M. Banados et al, Phys. Rev. D 

48, 1506 (1993). 
[21] E. Berti and K. D. Kokkotas, Phys. Rev. D 68, 044027 

(2003); E. Berti et al, ibid. 68, 124018 (2003); E. Berti, 

V. Cardoso, and S. Yoshida, ibid. 69, 124018 (2004). 
[22] J. Makela and P. Repo, Phys. Rev. D 57, 4899 (1998); J. 

Makela et al, ibid. 64, 024018 (2001); J. Makela, Found. 

Phys. 32, 1809 (2003); C. Vaz and L. Witten, Phys. Rev. 

D 63, 024008 (2000). 



